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1 Introduction
For F/K an algebraic function field in one variable over a finite field of constants K (i.e., F is
a finite algebraic extension of K(x) where x ∈ F is transcendental over K), let N(F ) and g(F )
denote the number of places of degree one and the genus, respectively, of F .
Let F = (F1, F2, F3, . . .) be a tower of function fields, each defined over K. Further, we will
assume that F1 ⊆ F2 ⊆ F3 . . ., where Fi+1/Fi is a finite separable extension and g(Fi) > 1 for some
i ≥ 1. This follows the conventions of [7].
In this paper, the techniques developed in [2] and [3] are applied to splitting rational places in
towers of function fields. While the basic ideas are the same, it has to be kept in mind that what
is optimal at one stage of the tower may lead to complications at later stages.
Let F be as above. It is known that the sequence (N(Fi)/g(Fi)) converges as i → ∞ [7]. Let
λ(F) := limi→∞N(Fi)/g(Fi).
There are known bounds on the behaviour of function fields over a finite field Fq . Let Nq(g) :=
max{N(F )|F a function field over Fq of genus g(F ) = g}. Also, let
A(q) := lim sup
g→∞
Nq(g)/g, (1)
then the Drinfeld-Vladut bound [4] says that
A(q) ≤ √q − 1. (2)
Ihara [10], and Tsafasman, Vladut and Zink [17] showed that this bound can be met in the case
where q is a square. It is not known what the value of A(q) is for non-square q, though there are
results by Serre [12, 13, 14] and Schoof [11] in this direction.
Clearly, for a tower of function fields F = (F1, F2, . . .), Fi/Fq , we have that
0 ≤ λ(F) ≤ A(q). (3)
Garcia and Stichtenoth [6, 7] gave two explicitly constructed towers of function fields over a
field of square cardinality that meet the Drinfeld-Vladut bound. In [8], they gave more explicit
descriptions of towers of function fields over Fq , with λ(F) > 0. These also meet the Drinfeld-
Vladut bound in some cases where the underlying field of constants is of square cardinality.
Elkies, in [5], gave eight explicit iterated equations for towers of modular curves, which also
attained the Drinfeld-Vladut bound over certain fields and showed that the examples presented in
[6] and [8] were also modular. He then conjectured that all asymptotically optimal towers would,
similarly, be modular.
In [2], the author used the notion of symmetry of functions to describe explicitly constructed
extensions of function field in which all rational places except one split completely. In [3], it was
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shown that on generalizing the notion of symmetry to include the so-called “quasi-symmetric” func-
tions, one could actually split all the rational places in an extension of function fields. Furthermore,
in both these cases, infinite families of extensions with such properties were obtained.
In this paper, techniques developed in [2] and [3] are applied to the problem of splitting rational
places in a tower of function fields. Towards that end, infinite families of towers in which all the
rational places split completely throughout the tower are described. Infinite families of towers in
which all rational places, except one, split completely throughout the tower are also described. It
is observed that inspite of such splitting behaviour at the rational places, all these towers have
λ(F) = 0. In that sense, the main accent here is not so much on obtaining a high value for λ(F), as
it is to show the existence of certain explicitly constructed families of towers in which all rational
places split completely throughout the tower. In addition, it is hoped that these examples will lead
to a better general understanding of what makes λ(F) > 0. Two examples of towers with λ(F) > 0
presented in [8] are also generalized, resulting in infinite families of such towers. Subfamilies of
these attain the Drinfeld-Vladut bound.
2 Notation
For symmetric polynomials:
Sn the symmetric group on n characters
sn,i(X) the i
th elementary symmetric polynomial on n variables
q a power of a prime p
Fl the finite field of cardinality l
sn,i(t) the i
th (n, q)-elementary symmetric polynomial
For function fields and their symmetric subfields:
K the finite field of cardinality qn, where n > 1
F/K an algebraic function field in one variable whose full field of constants is K
Fs the subfield of F comprising (n, q)-symmetric functions
Fφs the subfield of Fs comprising functions whose coefficients are from Fq
Fqs the subfield of F comprising (n, q)-quasi-symmetric functions
Fφqs the subfield of Fqs comprising functions whose coefficients are from Fq
E a finite separable extension of F , E = F (y) where ϕ(y) = 0 for some irreducible
polynomial ϕ[T ] ∈ F [T ]
For a generic function field F :
P(F ) the set of places of F
N(F ) the number of places of degree one in F
g(K) the genus of F
P a generic place in F
vP the normalized discrete valuation associated with the place P
OP the valuation ring of the place P
P ′ a generic place lying above P in a finite separable extension of F
e(P ′|P ) the ramification index for P ′ over P
d(P ′|P ) the different exponent for P ′ over P
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For the rational function field K(x):
Pα the place in K(x) that is the unique zero of x− α, α ∈ K
P∞ the place in K(x) that is the unique pole of x
For towers of function fields:
F a tower of function fields Fi ⊆ F2 ⊆ F3 . . .
λ(F) lim
i→∞
(N(Fi)/g(Fi))
3 Preliminaries
In this section we state some preliminary results. For detailed proofs of these, please refer [2] and
[3].
Proposition 3.1 Let F/K be an algebraic function field, where K = Fqn is algebraically closed in
F . Let w ∈ F and assume that there exists a place P ∈ P(F ) such that
vP (w) = −m, m > 0 and gcd(m, q) = 1.
Then the polynomial l(T ) − w = an−1T qn−1 + an−2T qn−2 + . . . + a0T − w ∈ F [T ] is absolutely
irreducible. Further, let l(T ) split into linear factors over K. Let E = F (y) with
an−1y
qn−1 + an−2y
qn−2 + . . .+ a0y = w.
Then the following hold:
(i) E/F is a Galois extension, with degree [E : F ] = qn−1. Gal(E/F ) = {σβ : y → y + β}l(β)=0.
(ii) K is algebraically closed in E.
(iii) The place P is totally ramified in E. Let the unique place of E that lies above P be P ′. Then
the different exponent d(P ′|P ) in the extension E/F is given by
d(P ′|P ) = (qn−1 − 1)(m+ 1).
(iv) Let R ∈ P(F ) , and vR(w) ≥ 0. Then R is unramified in E.
(v) If an−1 = . . . = a0 = 1, and if Q ∈ P(F ) is a zero of w − γ, with γ ∈ Fq . Then Q splits
completely in E.
Proof. For (i) - (iv), pl. refer [16]. For (v), notice that under the hypotheses, the equation
T q
n−1
+ T q
n−2
+ . . .+ T = γ has qn−1 distinct roots in K. ✷
For many of the extensions that we will describe, there exists no place where the hypothesis of
Proposition 3.1 is satisfied, namely, that the valuation of w at the place is negative and coprime
to the characteristic. In particular, we need a criterion for determining the irreducibility of the
equations that we will need to use. We provide such a criterion in Proposition 3.2 and Corollary 3.4.
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Proposition 3.2 Let V be a finite subgroup of the additive group of Fp . Then V is a Fp -vector
space. Define LV (T ) =
∏
v∈V (T − v). Thus, LV (T ) is a separable Fp -linear polynomial whose
degree is the cardinality of V . Now let h(T, x) = LV (T ) − f(x), where f(x) ∈ Fp [x]. Then,
h(T, x) = LV (T ) − f(x) is reducible over Fp [T, x] iff there exists a polynomial g(x) ∈ Fp [x] and a
proper additive subgroup W of V such that f(x) = LW ′(g(x)), where W
′ = LW (V ).
For a proof of this proposition, please refer to [1] or [2].
Definition 3.3 For f(x) ∈ Fp [x], a coprime term of f is a term with non-zero coefficient in f
whose degree is coprime to p. The coprime degree of f is the degree of the coprime term of f having
the largest degree.
Corollary 3.4 Let f(x) ∈ Fp [x]. Let there be a coprime term in f(x) of degree d, such that there
are no terms of degree dpi for i > 0 in f(x). Then LV (T ) − f(x) is irreducible for any subgroup
V ⊂ Fp .
Proof. Suppose f(x) is the image of a linear polynomial
∑
anx
pn . Then the coprime term can
only occur in the image of the term a0x. But then, the images of the coprime term under anx
pn ,
for n > 0 will have degrees that contradict the hypothesis.
Lemma 3.5 Let F = K(x), where K = Fqn , q = p
m, r = m(n − 1), and E = F (y), where y
satisifes the following equation:
yq
n−1
+ yq
n−2
+ . . .+ y = f(x),
and f(x) ∈ F is not the image of any element in F under a linear polynomial. Then the following
hold:
(i) E/F is a Galois extension of degree [E : F ] = qn−1. Gal(E/F ) = {σβ : y → y + β}sn,1(β)=0
can be identified with the set of elements in Fqn whose trace in Fq is zero by σβ ↔ β. This
gives it the structure of a r-dimensional Fp vector space.
(ii) There exists a (non-unique) tower of subextensions
F = E0 ⊂ E1 ⊂ . . . ⊂ Er = E,
such that for 0 ≤ i ≤ r − 1, [Ei+1 : Ei] is a Galois extension of degree p.
(iii) Let {bi}1≤i≤r be a Fp -basis for Gal(E/F ). Then we can build one tower of subextensions as
in (ii) as follows. We set Ej to be the fixed field of the subgroup of the Galois group that
corresponds to the Fp -subspace generated by {b1, b2, . . . , br−j}. Then, the generators of Ej
are {y1, y2, . . . , yj}, where y1, y2, . . . , yr = y satisfy the following relations:
yp −Bp−1r y = yr−1,
ypr−1 −Bp−1r−1yr−1 = yr−2,
...
...
yp1 −Bp−11 y1 = f(x),
4
where,
βr,j = br−j+1, Br = βr,r,
βr−1,j = β
p
r,j −Bp−1r βr,j , Br−1 = βr−1,r−1,
...
...
...
β1,j = β
p
2,j −Bp−12 β2,j, B1 = β1,1.
For a proof of this lemma, please refer to [1] or [2].
Next, we introduce the notions of symmetric and quasi-symmetric functions. For a systematic
development of these, please refer to [2] and [3].
Let R be an integral domain and R its field of fractions. Consider the polynomial ring in n
variables over R, given by R [X] = R [x1, x2, . . . , xn]. The symmetric group Sn acts in a natural
way on this ring by permuting the variables.
Definition 3.6 A polynomial f(X) ∈ R [X] is said to be symmetric if it is fixed under the action
of Sn . If Sn is allowed to act on R(X) in the natural way, its fixed points will be called sym-
metric rational functions, or simply, symmetric functions. These form a subfield R(X)s of R(x).
Furthermore, R(X)s is generated by the n elementary symmetric functions given by
sn,1(X) =
n∑
i=1
xi,
sn,2(X) =
∑
i<j
1≤i,j≤n
xixj,
...
...
sn,n(X) = x1x2 . . . xn.
Definition 3.7 For the extension Fqn/Fq, we will evaluate the elementary symmetric polynomials
(resp. symmetric functions) in Fqn(X) at (X) = (t, φ(t), . . . , φ
n−1(t)) = (t, tq, . . . , tq
n−1
). These
will be called the (n, q)-elementary symmetric polynomials (resp. (n, q)-symmetric functions). For
f(X) ∈ Fqn(X), we will denote f(t, tq, . . . , tqn−1) by f(t), or, when the context is clear, by f .
Thus the (n, q)-elementary symmetric polynomials are the following:
sn,1(t) =
∑
0≤i≤n−1
tq
i
,
sn,2(t) =
∑
i<j
0≤i,j≤n−1
tq
i
tq
j
,
...
...
sn,n(t) = t
1+q+q2+...+qn−1 .
See [2] for a demonstration of the use of (n, q)-symmetric functions in splitting places of degree
one in extensions of algebraic functions fields.
We now extend the notion of symmetry to get a larger class of functions that can be very
effectively used to split all places of degree one in extensions of function fields. These functions are
called “(n, q)-quasi-symmetric.”
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Definition 3.8 A polynomial f(X) in R[X] will be called quasi-symmetric if it is fixed by the cycle
ε = (1 2 . . . n) ∈ Sn. If ε is allowed to act on R(X) in the natural way, its fixed points will
be called quasi-symmetric rational functions, or simply, quasi-symmetric functions. These form a
subfield R(X)qs of R(X).
Lemma 3.9 For n > 2, there always exist quasi-symmetric functions that are not symmetric.
Proof. 〈ε〉 has index (n − 1)! in Sn . Thus for n > 2, the set of functions fixed by Sn is strictly
smaller than those fixed by (ε). For n = 2, Sn = (ε) so that the notions of symmetric and
quasi-symmetric coincide. ✷
Example 3.10 (n = 3) A family of quasi-symmetric functions in three variables is given below:
f(x1, x2, x3) = x1x2
i + x2x3
i + x3x1
i.
Note that for i 6= 0 or 1, these are not symmetric.
Definition 3.11 Consider the extension Fqn/Fq of finite fields. We will evaluate the quasi-symmetric
polynomials (resp. quasi-symmetric functions) in Fqn(X) at (X) = (t, φ(t), . . . , φ
n−1(t)) = (t, tq, . . . , tq
n−1
).
These will be called (n, q)-quasi-symmetric polynomials (resp. (n, q)-quasi-symmetric functions).
Example 3.12 Using the three-variable quasi-symmetric functions of Example 3.10, we can obtain
the following (3, q)-quasi-symmetric functions:
f(t) = f(t, tq, tq
2
) = t1+iq + tq+iq
2
+ tq
2+i.
Again, these are not (3, q)-symmetric for i 6= 0 or 1.
Lemma 3.13 There exist (n, q)-quasi-symmetric functions that have no zeros in Fqn.
A simple method to obtain such functions is to compose irreducible polynomials over Fq , with
(n, q)-quasi-symmetric functions.
4 Towers where almost all rational places split completely
In this section we construct families of towers of function fields with very good splitting behaviour.
In some of the families, all rational places split completely throughout the tower, and in others, all
rational places, except one, split completely throughout the tower.
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4.1 Towers of Artin-Schreier extensions
First we begin with a tower of function fields in which all rational places split completely throughout
the tower. We will denote the subfield of Fi comprising (n, q)-quasi-symmetric functions in xj by
Fj,qs and the subfield comprising the (n, q)-quasi-symmetric functions of xj with Fq coefficients by
Fφj,qs. In particular, in Fi, F
φ
i,qs will denote the subfield of (n, q)-quasi-symmetric functions of xi
with Fq coefficients.
Theorem 4.1 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1) and for
i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
n−1
i+1 + x
qn−2
i+1 + . . . + xi+1 =
g(xi)
h(xi)
, (4)
where g(xi), h(xi) ∈ Fφi,qs, g(xi)h(xi) is not the image of a rational function under a linear polynomial,
and h(x) has no zeros in Fqn . Also, deg(g(xi)) ≤ deg(h(xi)). Then the following hold:
(i) All the rational places of F1 split completely in all steps of the tower.
(ii) For every place P in Ti that is ramified in Ti+1, the place P
′ in Ti+1 that lies above P is
unramified in Ti+2. Thus, ramification at a place cannot “continue” up the tower.
Proof. P∞ splits completely because of the condition of the degrees of g and h. Also, the RHS is
in the valuation ring at every rational place since h has no zeros in Fqn and deg(g) ≤ deg(h). Also,
its class in the residue class field is in Fq at each of these places, since the RHS is in F
φ
i,qs. Then
Proposition 3.1 tells us that every rational place in Fi splits completely in Fi+1. For (ii), note that
if P ∈ P(Ti) is ramified in Ti+1, and P ′ is a place lying above it in Ti+1, then the RHS of the
equation for xi+2 has a zero at P
′, because of the condition on the degrees of h and g. Thus P ′
will be unramified in Ti+2. ✷
Example 4.2 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fq3(x1), q is not
a power of 2, and for i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
2
i+1 + x
q
i+1 + xi+1 =
x2q
2+2q+2
i
(xq
2
i + x
q
i + xi)
2 − αi
, (5)
where αi ∈ Fq is not a square. All rational places split completely throughout the tower. Let the
place P of T1 be a simple pole of the RHS in T1 (i.e., for the case i = 1.). Then, the place P
(i)
of Ti, where i ≥ 2, which divides P , is a pole of xi of order 2i−2 mod q. Also notice that there
will always exist such places, if we look at the equation over Fp . Thus the equation is absolutely
irreducible at each stage.
Theorem 4.3 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1), p 6= 2,
and for i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
n−1
i+1 + x
qn−2
i+1 + . . .+ xi+1 =
1
(xq
n−1
i + x
qn−2
i + . . .+ xi)
2 − α
, (6)
where α ∈ Fq is not a square. Then the following hold:
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(i) Ti/T1 is an Abelian extension for i ≥ 2.
(ii) All rational places split completely throughout this tower.
(iii) When a (non-rational) place P ∈ P(Ti) is ramified in Ti+1, from then on, it behaves like a
rational place for splitting, and therefore splits completely further throughout the tower.
Proof. First we note that the equations defining the tower at each stage are indeed irreducible.
For this, note that if P is a place in Ti that is a zero of (x
qn−1
i + x
qn−2
i + . . . + xi)
2 − α) in Ti, the
zero can be of degree at most two. This can be seen as follows. Let
√
α be one of the square roots
of α. Then,
xq
n−1
i + x
qn−2
i + . . . + xi −
√
α =
1
(xq
n−1
i−1 + x
qn−2
i−1 + . . .+ xi−1)
2 − α
−√α,
=
1−√α((xqn−1i−1 + xq
n−2
i−1 + . . . + xi−1)
2 − α)
(xq
n−1
i−1 + x
qn−2
i−1 + . . .+ xi−1)
2 − α
.
Now note that the second derivative of the numerator of the RHS with respect to xi−1 is constant.
The denominator is a unit at this place. Thus the zeros of the RHS can occur to at most multiplicity
two. Since a similar argument holds at each stage, the valuation of the RHS at P must be a power
of two, which is coprime to the characteristic. Irreducibility then follows from Proposition 3.1. For
(i), notice that the automorphisms of Ti+1/Ti in the tower leave xi+2 fixed, for i ≥ 1. Further,
Ti+1/Ti is Abelian. For (ii), note that the class of the RHS in the residue field at any rational place
is in Fq at any stage of the tower. And thus the defining equation splits into linear factors over the
residue class field. ✷
Theorem 4.4 There exist wildly ramified extensions of the rational function field over non-prime
fields of cardinality > 4 of degree equal to any power of the characteristic in which all the rational
places split completely.
Proof. For finite-separable extensions, which are not necessarily Galois, refer Theorem 4.1. Each
extension Ti+1/Ti has subextensions of degree equal to any arbitrary power of p. By an appropriate
resolution of the tower, we can get the desired result.
Theorem 4.5 There exist Abelian extensions over non-prime fields of odd characteristic of degree
equal to any power of the characteristic in which all the rational places split completely.
For Abelian extensions, Theorem 4.3 says that the Galois group of the extension Ti/T1 is an
elementary Abelian group of exponent p, for i ≥ 1. Thus, it will have normal subgroups of
all indices that are powers of p. The result then follows by considering the fixed fields of these
subgroups.
Example 4.6 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fq3(x1), q is not
a power of 2, and for i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
2
i+1 + x
q
i+1 + xi+1 =
1
(xq
2
i + x
q
i + xi)
2 − α
, (7)
where α ∈ Fq is not a square. In this example, all rational places split completely at all steps of
the tower. Furthermore, when a (non-rational) place P ∈ P(Ti) is ramified in Ti+1, from then on,
it behaves like a rational place for splitting, and therefore splits completely further throughout the
tower.
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Theorem 4.7 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1) and for
i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
n−1
i+1 + x
qn−2
i+1 + . . . + xi+1 =
g(xi)
h(xi)
, (8)
where g(xi), h(xi) ∈ Fφi,qs, g(xi)h(xi) is not the image of a rational function under a linear polynomial,
and h(x) has no zeros in Fqn . Also, deg(g(xi)) > deg(h(xi)). Then all the rational places of F1,
except P∞, split completely in all steps of the tower.
If, in addition, we have that deg(g(xi)) = deg(h(xi)) + 1, the the pole order of xi in the unique
place lying above P∞ in Ti remains one for all i ≥ 1.
Example 4.8 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fq3(x1), q is not
a power of 2, and for i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
2
i+1 + x
q
i+1 + xi+1 =
x2q
2+1
i + x
2+q
i + x
2q+q2
i
(xq
2
i + x
q
i + xi)
2 − α
, (9)
where α ∈ Fq is not a square. Here, except the unique pole P∞ of x1 in F1, all other rational
places split completely throughout the tower. Furthermore, let P be any pole of x2 in T2, and P
(n)
denote the unique place in Tn lying above it. Then, the pole order of xn at P
(n) remains constant
for n ≥ 2.
Example 4.9 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1) that is
obtained as follows. T2 = T1(x1), where
xq
n−1
2 + x
qn−2
2 + . . .+ x2 =
1
(xq
n−1
1 + x
qn−2
1 + . . .+ x1)
m − α
,
where α is not an mth power in Fq . And for i ≥ 2, Ti+1 = Ti(xi+1) where xi+1 satisfies the equation
xq
n−1
i+1 + x
qn−2
i+1 + . . . + xi+1 =
h(xi)
g(xi)
,
where h(xi), g(xi) ∈ Fφi,qs, and deg(h(xi)) = deg(g(xi)) + 1. Note that we are guaranteed the
existence of such polynomials h and g by the following construction. Take any two functions f1
and f2 in F
φ
i,qs with coprime degrees d1 and d2 respectively (in particular, trace and norm will
do). Then there exist integers m,n such that md1 + nd2 = 1. Without loss of generality, let m be
positive and n negative. Then let h(xi) = i1(f1(xi)) and g(xi) = i2(f2(xi)), where i1 and i2 are
irreducible polynomials over Fq of degrees m and n respectively. Let P be any place in T1 such that
vP ((x
qn−1
1 + x
qn−2
1 + . . . + x1)
m − α) = 1. Then P (i), which is the unique place in Ti dividing P ,
remains a simple pole of xi for i ≥ 2, ensuring irreducibility of the defining equation at each stage
of the tower.
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4.2 Towers of Kummer extensions
Theorem 4.10 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1) and for
i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
x
qn−1
q−1
i+1 =
g(xi)
h(xi)
, (10)
where g(xi), h(xi) ∈ Fφi,qs, g(xi)h(xi) 6= w
qn−1
q−1 , ∀w ∈ Fi, and g, h have no zeros in Fqn . Also,
deg(g(xi)) = deg(h(xi)). Then all the rational places split throughout the tower.
Proof. The RHS is in the valuation ring at every rational place at Fi, ∀i and its class in the residue
class field is in Fq \ {0}, since g, h have no zeros in Fqn , and the RHS is (n, q)-quasi-symmetric.
Then every rational place in Fi splits completely in Fi+1, ∀i. ✷
Example 4.11 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fq3(x1), q is not
a power of 2, and for i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
xq
2+q+1
i+1 =
(xq
2
i + x
q
i + xi)
2 − β
(xq
2
i + x
q
i + xi)
2 − α
, (11)
where α, β ∈ Fq not squares. All rational places split completely throughout the tower.
Theorem 4.12 Consider the tower of function fields F = (F1, F2, . . .) where F1 = Fqn(x1) and for
i ≥ 1, Fi+1 = Fi(xi+1), where xi+1 satisfies the equation
x
qn−1
q−1
i+1 =
g(xi)
h(xi)
, (12)
where g(xi), h(xi) ∈ are two (n, q)-quasi-symmetric polynomials, g(xi)h(xi) 6= w
qn−1
q−1 ,∀w ∈ Fi, and g, h
have no zeros in Fqn . Also, deg(g(xi)) 6= deg(h(xi)). Then all the rational places, except possibly
P∞ split throughout the tower.
Proof. The RHS is in the valuation ring at every rational place in Fi ∀i, except possibly those
dividing P∞ ∈ T1 and its class in the residue class field is in Fq \ {0}, since g, h have no zeros in
Fqn , and the RHS is (n, q)-quasi-symmetric. Then every rational place in Fi splits completely in
Fi+1, ∀i. ✷
Theorem 4.13 There exist tamely ramified extensions of arbitrarily high degree of the rational
function field over any non-prime field of cardinality greater than 4, in which all the rational places
split completely.
Proof. Consider Theorem 4.10. We can guarantee that such (n, q)-quasi-symmetric functions exist,
for q > 2. Then, in the tower described in the theorem, one can go up the tower to get arbitrarily
high degree extensions of the rational function field. These will not be Galois, in general. Box
For the towers F described in this paper in which all, or all except one, rational places split
completely throughout the tower, λ(F) = 0. This is because while the ramification in the rational
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places is nil, or minimal, that in the non-rational places rises quite fast, leading to a fast rise in
the genus. Indeed, it seems from the known examples of towers F with λ(F) > 0 that it might be
necessary to have a certain amount of ramification in the rational places, in order to have λ(F) > 0.
Or at least it seems that it is not easy to control ramification in the non-rational places, and so it
is better to restrict it to a few rational places alone1.
Note: In all the constructions given above, the property of (n, q)-symmetric and (n, q)-quasi-
symmetric functions that is crucial is that they map Fqn to Fq . Thus, these functions may be
replaced by any other functions with this property in all the constructions. However, for such
functions not to be (n, q)-quasi-symmetric, they must have degree atleast qn [3].
Also, in most of the examples that appear above, we have composed the trace/norm polynomials
with the irreducible polynomial x2−α, where α ∈ Fq is not a square. However, we could get infinite
families of further examples by using the composition i(q(x)), where i(x) ∈ Fq [x] has no zeros in
Fq , and q(x) is a (n, q)-quasi-symmetric function with Fq coefficients.
5 Towers with λ(F) > 0
In this section, we generalize two examples of towers with λ(F) > 0 from [8] to obtain two infinite
families of such towers. Subfamilies attain the Drinfeld-Vladut bound.
Theorem 5.1 Let q = pn and m|n,m 6= n. Let km = (pn − 1)/(pm − 1). Consider a tower
of function fields in the family given by T = (T1, T2, . . .), where T1 = Fq (x1) and for i ≥ 1,
Ti+1 = Ti(xi+1), where xi+1 satisfies
xkmi+1 + z
km
i = b
km
i ,
zi = aix
ri
i + bi,
where ai, bi ∈ Fpm \ {0} for i ≥ 1. Also ri is a power of p, ∀i. Then the following hold:
(i) P∞ splits completely throughout the tower.
(ii) Every ramified place in the tower lies above a rational place in T1.
(iii) λ(T ) ≥ 2
q−2 , and hence this family attains the Drinfeld-Vladut bound for n = 2,m = 1 and
q = 4.
Proof. Firstly, we verify that under the hypothesis, we do indeed get a tower of function fields.
Notice that at one of the places dividing x1 in T2, we get a zero of x2 of order not divisible by km.
This implies that the RHS, for i = 1, is not of the form wkm , for w ∈ T1. Further, one of the places
dividing x2 in T3 also exhibits the same performance, and so on up the tower. Thus, each equation
is irreducible and gives us an extension.
(i) follows from the basic theory of Kummer extensions cf. [15], Ch. III.7. It is important to
note that linear transformations fix the place at infinity, so that it splits at each stage of the tower.
For (ii), working with residue classes, note that for ramification to take place at the ith step of
the tower, the norm of zi should be an element of Fpm . Thus zi must be in Fq . Since zi is obtained
by a linear tranformation with Fq coefficients of a characteristic power of xi, it follows that xi must
be in Fq . But the relations between the variables xi and zi−1 at the previous step of the tower then
1These statements are for towers whose first stage is a function field of genus zero.
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force zi−1, and therefore xi−1 to be in Fq . Proceeding this way to the first step of the tower, we
get that x1 ∈ Fq . Thus every ramified place in Ti divides a rational place (6= P∞) in T1.
To get (iii), notice that
N(Tj) > k
j
m, for j ≥ 1.
Also, the degree of the different at the jth stage of the tower is always less than the value it would
have had all q finite rational places ramified from the second stage of the tower onwards. Now,
using the transitivity of the different, we can say that
degDiff(Tj/T1) < q(km − 1)[1 + km + . . .+ kj−2m ],
< q(kj−1m − 1).
Now using the Hurwitz-genus formula, it follows that
g(Tj) <
(q − 2)(kj−1m − 1)
2
.
Giving us
lim
j→∞
N(Tj)/g(Tj) ≥ 2
q − 2 .
✷
This tower, for the case of m = ri = 1; zi = xi + 1, first appeared in [8].
Theorem 5.2 Let q = pn > 4 and m|n. Let lm = (pm − 1). Consider a tower of function fields
in the family given by T = (T1, T2, . . .), where T1 = Fq (x1) and for i ≥ 1, Ti+1 = Ti(xi+1), where
xi+1 satisfies
xlmi+1 + z
lm
i = 1,
zi = aix
si
i + bi,
where ai, bi ∈ Fpm \ {0} for i ≥ 1. Also si is a power of p, ∀i. Then the following hold:
(i) P∞ splits completely throughout the tower.
(ii) Every ramified place in the tower lies above a rational place in T1 of the form Pγ , with γ ∈ Fqm.
(iii) λ(T ) ≥ 2
lm−1
, and hence this family attains the Drinfeld-Vladut bound for n = 2,m = 1 and
q = 9.
Proof. First we verify as in the proof of Theorem 5.1 that we do indeed get a tower of function
fields. For this, note that blmi = 1. Again (i) follows from the basic theory of Kummer extensions.
For (ii), we note that to have ramification at the ith stage of the tower, we must have that zlmi = 1
implying that zi ∈ Fqm \ {0}. Then by similar reasoning as in the proof of Theorem 5.1 , it follows
that such a ramified place would divide a rational place in T1 of the form Pγ , with γ ∈ Fqm . Using
the Hurwitz genus formula and the transitivity property of the different along similar lines as in
the proof of Theorem 5.1, we get (iii). ✷
This tower, for the case of si = m = 1, also first appeared in [8].
Following the conjecture of Elkies, it is very likely that many of these towers are modular. In
that case, there seems to be a definite relation between some modular towers and certain symmetric
towers (the other optimal constructions from [6] and [7] are also symmetric, and are modular as
shown in [5]). An interesting study would be to understand under what conditions can a modular
tower be written down in terms of symmetric equations.
12
Acknowledgements
I would like to express my deep sense of gratitude to Prof. Dennis Estes, who supervised this work,
and tragically passed away just prior to its completion. Without his constant help, I could not
have made any progress whatsoever. This work is dedicated to him.
I would also like to thank Joe Wetherell for all his help in completing this work following the
demise of Prof. Dennis Estes.
References
[1] V. Deolalikar, On splitting places of degree one in extensions of algebraic function fields, tow-
ers of function fields meeting asymptotic bounds, and explicit basis constructions for algebraic-
geometric codes., Ph.D dissertation, Department of Electrical Engineering, University of South-
ern California (1999).
[2] V. Deolalikar, On splitting almost all places of degree one in extensions of algebraic function
fields, preprint.
[3] V. Deolalikar, Extensions of algebraic function fields with complete splitting of all rational
places, submitted for publication to Acta Arithmetica.
[4] V. G. Drinfeld, Number of points of an algebraic curve, Functional Analysis 17 (1983), 53-54.
[5] N. Elkies, Explicit modular towers, Proceedings of the Thirty Fifth Annual Allerton Conference
on Communication, Control and Computing, Urbana, IL (1997).
[6] A. Garcia and H. Stichtenoth, A Tower of Artin-Schreier extensions of function fields attaining
the Drinfeld-Vladut bound, Inventiones Mathematicae 121 (1995), 11-222.
[7] A. Garcia and H. Stichtenoth, On the Asymptotic Behaviour of Some Towers of Function
Fields over Finite Fields, Journal of Number Theory 61, No. 2 (1996), 248-273.
[8] A. Garcia and H. Stichtenoth, Asymptotically good towers of function fields over finite fields,
C. R. Acad. Sci. Paris, t. 322, Se´rie I (1996), 1067-1070.
[9] V. D. Goppa, Codes on algebraic curves, Soviet Math. Doklady 24, No. 1 (1981), 170-172.
[10] Y. Ihara, Some remarks on the number of rational points of algebraic curves over finite fields,
Journal of the Faculty of Science, University of Tokyo 28 (1981), 721-724.
[11] R. Schoof, Algebraic curves over F2 with many rational points, Journal of Number Theory 41
(1992), 6-14.
[12] J.-P. Serre, Sur le nombre des points rationnels d’une courbe algebrique sur un corps fini, C.
R. Acad. Sci. Paris Se´rie I Math., 296 (1983), 397-402.
[13] J.-P. Serre, Nombres de points des courbes alge´briques sur Fq, Se´m. The´orie des Nombres
1982-1983, Exp. 22, Univ. de Bordeaux I, Talence (1983).
[14] J.-P. Serre, Rational points on curves over finite fields, Lecture Notes, Harvard University
(1985).
13
[15] H. Stichtenoth, Algebraic Function Fields and Codes, Springer Universitext, Berlin-Heidelberg-
New York (1991).
[16] F. J. Sullivan, p-torsion in the class group of curves with too many automorphisms, Arch.
Math. 26 (1975), 253-261.
[17] M. A. Tsfasman, S. G. Vladut, T. Zink, Modular curves, Shimura curves and Goppa codes,
better than the Varshamov-Gilbert bound, Math. Nachr. 109 (1982), 21-28.
14
